Quantum Mechanics

Prerequisite:

Concepts from Dual nature of radiation and matter (12")

de Broglie Hypothesis:

Just like radiation, matter also possesses wave as well as particle nature.

o Matter exhibit wave nature in some instances and particle nature in another instances. Particle and

wave nature are not exhibited at a same time.

e The waves associated with moving microscopic particles are called as de Broglie’s waves or

Matter waves.

e The de Broglie’s wavelength is given by

Conclusions from de Broglie’s equations:

1) ) — oo when the velocity of the particle is zero. It means that matter waves are detectable only for
moving particles.

2) Lighter the particle, smaller the value of mass m and hence the longer is the wavelength of the
matter wave associated with it. Therefore, wave behavior of micro-particles will be significant
whereas waves associated with macro-bodies can never be detected.

3) The smaller the velocity of the micro-particle, the longer is the wavelength of the matter wave

associated with it.

Derivation of de Broglie’s equation:

The energy of mass less particle like photon is given by



E=mc? =mc Xc=pc (1)
By Planck’s quantum theory, the energy of the photon is given by
E =hv (2)
From equation (1) and (2), we can write

pc =hv
hv
p=— 3)
But,
c/v=~
Putting this in equation (3), we get
h
P=3
= n (4)
p

de Broglie’s wavelength in terms of Kinetic Energy E:

The kinetic energy of the free particle is given by
E==-mv

Multiplying and dividing RHS by mass m, we get

Putting this in equation (4), we get

de Broglie’s wavelength in terms of potential difference:

When particle such as electron is accelerated through Potential Difference V, its kinetic energy is given

by



n,12‘,2 p2
= ——=¢eV
2m 2m
p = VZ2meV
Putting this in equation (4), we get
h
A=
2meV
For an electron,
6.63 x 10734

A=
V2 x9.1 x10731 x1.6 x 10719 xV
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De Broglie wavelength associated with particles in thermal equilibrium:

If particles are in thermal equilibrium at temperature T, then their kinetic energy is given by

2.3 KT
)
mZVZ 2
=2 _Zyr
2m 2m
p = V3mkT
Putting this in equation (4), we get
h
A=
3mkT

Concept of Phase and Group Velocity:

Phase Velocity / Wave velocity:
Definition:
The velocity with which a particular phase of the wave propagates in the medium is called phase velocity.

The equation of a wave travelling in +X axis direction s given by



y = Asin (ot — kx)
Here, o is angular frequency and k is propagation constant.

The phase velocity v, is given by

Vp = VA

A

vp=27rv X %
o
Vp_E

Where, ® = 2avand k = 2—;
Show that phase velocity is greater than the velocity of light.

The phase velocity of a wave is given by

Vp = VA (D
Using Planck’s quantum theory, we can write
E =hv
v=r @
h
And using de Broglie’s equation, we can write
. (3)
p
Substituting equations 2 and 3 in 1, we get
E h E
Vp=v7»=H><5:5 4)
Using Einstein’s mass energy relation E = m c? in equation (4), we get
, M c? 5)
P p

When the atomic particle velocity is non-relativistic, the total energy E = mc2 and momentum p = mv.

vp = (E) C (6)

As the particle velocity is always less than velocity of light, % > land hence we can write



Vp > ¢
When the atomic particle velocity is relativistic.

E m,c' + p-c
“.. = -
D

Group Velocity:

Wave packet/ wave group:
e A wave packet consists of a group of harmonic waves with slightly different wavelengths.

e These harmonic waves superimpose to give a wave packet as shown in following figure.
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Definition of Group velocity:

The velocity with which the wave packet propagates through the medium is called group velocity.
Expression for the Group Velocity:
Let us consider two harmonic waves with slightly different wavelengths. The displacement of the first
wave is given by

y1 = Asin (ot — kx)

y, = Asin [(0 + do)t — (k + dk)x]

The superposition of these two waves is given by



y=v1ty2
y = Asin (ot — kx) + Asin [(0 + do)t — (k + dk)x]

. . : . C+D C-D
Using sinC + sinD = 2 sin—— cos——, we get

20 + do 2k + dk do dk
> t— > x)cos(—t——x)

= 2As5si (
y sin > >

As dw and dk are very small compared to w and k, we can write

20 +do = 20
2k + dk = 2k
) do dk
y = 2A sin(ot — kx) cos (7t — 7X)

The sin term in his equation represents a wave with angular frequency w and propagation constant k.
The cosine term modulates this wave with angular frequency dw/2 and propagation constant dk/2 to
produce wave groups.

The velocity of the wave groups is given by

o= (1)
This velocity is known as group velocity.
We know that
® = 2nv
And
k= 2n/A
Putting these in equation ,1 we get
_ d(2nv)
Ve T 42n/n)
2nd(v)

Ve T 2nd(1/n)

_ 2 dv
ACETY



Show that the particle velocity is equal to the group velocity in matter waves.
The group velocity of the matter waves is given by

do
Vg = E
This equation can be written as
do dE dp
Ve =g X @ X i (D
We know that
o = 2nv
O =2n (E) = = (2)
h/) h
Wherev =E/hand A = h/2=n
Differentiating equation 2 w.r.t. E , we get
s 3)
dE h
Using de Brogli’s equation, we can write
p=1 @
A
but
k = Z_n A= 2_7r
A k
Putting value of A in equation (4), we get
p= Lk = hk 5
2n
Differentiating equation 5 w.r.t. k, we get
dp
wx-h (6)
Putting equations (3) and (6) in (1), we get
1 dE
Vg 5 X % X h
i.e.
dE
Vg = E (7)

For a particle,



1 m“v
And
2
dE_d<2p_m)_2p_p ®
dp dp 2 m
Substituting equation 8 in 7, we get
dE p mv

Relation between phase velocity and group velocity
The velocity of the individual component wave of the wave packet is given by

Vp = VA
(O]
Vp = K
o =Kkvp D
The group velocity is given by
_do )
Vg = dk ( )
Putting equation 1in 2, we get
_d(kvp)
g dk
dvp
Vg = Vp + kﬁ (3)
But
k=2" 4
= @
And
dk = —A"% 2n dA (5)
Putting 4 and 5 in 3, we get
2n dv,

Vo= Vp+—————
& PN % 2nan



Properties of matter waves:

Matter waves are produced by the motion of the particles and are independent of the charge.
Therefore, they are neither electromagnetic nor acoustic waves but are new kind of waves.

They can travel through vacuum and do not require any material medium for their propagation.
The smaller the velocity of the particle, the longer is the wavelength of the matter wave

associated with it.

A= — = —
p mv
The lighter the particle, the longer is the wavelength of the matter wave associated with it.
The velocity of matter waves depends on the velocity of the material particle and is not a constant
quantity.

The velocity of matter waves is greater than the velocity of light.

vV, = —
Py

They exhibit diffraction phenomenon as any other waves.

The wave and particle properties are not exhibited simultaneously.

Heisenberg uncertainty principle:

Statement:

“It is not possible to know simultaneously and with exactness both the position and the momentum of a

microparticle”.

=

AXAp ==

N

Explanation:



.':k A,l’r.‘_,.- Y (C)
- AX -
|4— wave packet —p|

Schrédinger postulated that a moving microparticle is equivalent to a wave packet. A wave
packet spreads over a region of space. Therefore, it is difficult to locate the exact position of the
microparticle.

Although the particle is somewhere within the wave packet, it is impossible to know where
exactly the particle is at a given instant.

If the linear spread of the wave packet is AX, the particle would be located somewhere within the
region AX.

The probability of finding the particle is a maximum at the centre of the wave packet and falls off
to zero at its ends. Therefore, there is an uncertainty Ax in the position of the particle. As a
result, the momentum of the particle at that instant cannot be determined precisely.

It means that the location and momentum of a microparticle cannot be simultaneously
determined with certainty. Any attempt to determine these variables will lead to uncertainties in

each of the variables.

Heisenberg uncertainty principle applied to angular momentum and angular position:

We know that angular position is given by

Ax
AO =—
r
And angular momentum is given by
AL = rAp
Substituting these values in Heisenberg’s equation, we get
AO AL > f
2

Heisenberg uncertainty principle applied to energy and time:

The Kinetic energy of a particle can be written as

E = > mv?
2ITIV

The uncertainty in energy is given by



1
AE = Em 2v Av

AE =v (m Av)
AE = vAp €))
But,
Ax
V=T (2)
Putting equation (2) in (1), we get
AE = gAp
At
AE At = Ax Ap

But according to Heisenberg’s uncertainty principle,
AEAt = AxAp > h/2
Hence, we can write
AE At > h/2

Prove that electrons cannot be present in the nucleus:

e The radiation emitted by radioactive nuclei consists of alpha, beta and gamma-rays, out of which

beta-rays are identified to be electrons.

o We apply uncertainty principle to find whether electrons are coming out of the nucleus.
Proof:
The radius of the nucleus is of the order of 10** m. Therefore, if electrons were to be in the nucleus, the
maximum uncertainty Ax in the position of the electron is equal to the diameter of the nucleus

Ax = 2 X radius of nucleus
Ax=2 x 1071*

The minimum uncertainty in momentum is given by

i 1.04x107* J s N
A_w — = — \: l‘,'n"l l(;'ll] S
: Ax 2x10" % m '

The minimum energy of the electron in the nucleus is then given by

E.=p . c=(52x1021keg-n/s)(3 x 108 m/s) =1.56 x 10712 J=9.7 MeV.
nmn < mm =

If an electron exists within the nucleus, it must have a minimum energy of about 10 MeV. But the
experimental measurements showed that the maximum kinetic energies of b-particles were of the order of

4 MeV only. Hence electrons are not present in the nucleus.



Thought Experiment: Treating electron as a wave:

e We assume that an electron has wave character.

o When beam of electrons is incident on slit the diffraction pattern is formed on the screen as
shown in above figure.

e Itis not known that from which position of slit electron is coming out. Hence, the uncertainty in
the position along y axis is d = Ay

Let

0 = diffraction angle
d= Ay = slit width or uncertainty in the position of an electron along y direction

Ap, = uncertainty in the momentum of an electron along y direction when it leaves slit

p,= momentum of an electron along x direction

According to the theory of diffraction at a single slit, the angle 6 and uncertainty in position Ay is given

by

: 9_/'1
sing =
'9—)l 1
sin =y D
Ay =
Y sinf

The uncertainty in the momentum of the electron parallel to y-axis is given by
Ap, = psin® (2)

According to de Broglie’s equation and from equation (1), equation 2 can be written as



A —hx A
Py =7 Ay

Ay Ap, = h
Ay Ap, =h

Question: Prove Heisenberg’s uncertainty principle treating electron as a wave. [ 4M]

Concept of wave function:

Waves represent the propagation of a disturbance in a medium.

The quantity whose periodic vibrations make up matter waves is denoted by mathematical
function Yi(x,y, z,t) and Y(x,y,z t) is called as wave function.

vy describes the wave as a function of position and time. However, it has no direct physical
significance, as it is not an observable quantity. ¥ is a complex-valued function.

According to Heisenberg uncertainty principle, we can only know the probable value in a
measurement. The probability cannot be negative. Hence y cannot be a measure of the presence
of the particle at the location (x, y, z). But it is certain that it is in some way an index of the

presence of the particle at around (x, y, z, t).

Physical Significance of wave function y / Probability Interpretation of Wave Function given by

Max Born:

¥ is a complex-valued function.
Although it contains all the information regarding position of particle at a particular time, we
cannot extract that information directly because of complex nature of . Hence, s has no direct
physical significance.
However, if we convert { in real number we can extract information from it.
The product Yp* = |P|? is a real quantity.
According to Max Born, the square of the magnitude of the wave function [i|? evaluated in a
particular region represents the probability of finding the particle in that region.
P o« |U(x,y,zt)|%dV
e Since the particle is certainly somewhere in the space, the probability P = 1 and the

integral of |Ys|? dV over the entire space must be equal to unity.
+00
| wrav=1

e To conclude, y has no physical significance but |s|? gives the probability of finding the
atomic particle in a particular region.



Normalization condition:

The process of constructing ¥y from y such that it satisfies Yy = /N is called normalization.

Here, N is finite, positive and real quantity

Well behaved Wave function:
e W function must be finite
e  function must be single-valued
e function must be continuous

e | function must be normalized



8.8.1 Schrodinger’s Time independent wave Equation:

Consider a system of stationary waves associated with a moving particle. Let (x,y, z) be the
position co-ordinates of the particle and . the periodic displacement for the matter wave at
any time t.

The classical differential equation of the wave motion is given by

2 2 2 2
v _ (3% 0w %y
at? dx2  dy? 0z?

) = BV e e (B.10)

where v = wave velocity

a2 g 92
Vi= 922 - 3y2 =5 ez Laplacian operator
The solution of equation (8.10) gives ¥ as a periodic displacement in terms of time t 1.e.
Plx.y.z.t) =Pplx, y,2)e™* .......(B11)

where ¢y is the amplitude of the particle wave at the point (x,y,z) which is
independent of time (t) and a function of (x, y, z) i.e. the position r.

Equation (8.11) can also be expressed as

Y@, t) = Po(@e™t ... ... ......(8.12)
Differentiating equation (8.12) twice we get
ayY ) -
e —iwpge 1wt
%y

557 = (i) (—iw)poe ™"
— —w2¢0®e—iwt
— = - .....(8.13)

o 92 . . :
Substituting the value of % from equation (8.13) in equation (8.10) we have

y %y %Y w?
—yPp=0..... 8.14
ax? = ay? 9z t2? (&4

where w = 2nv = 21 G)

T w 2
Substituting the value of 5

2 in equation (8.14)

We have



0%y 9%y A%y 4nm?
2 + 2 + 7 + 2
dx dy dz A

Using Laplacian operator we have

Yp=0

V2 + :p =0. .....(8.15)

From de Broglie relation 4 = % in equation (8.15) we have
2 AT,
Vey + Tz mv YPp=0.......(8.16)
Let E and V be the total and potential energies of the particle respectively then

1 2
E=—mvc+V
2
1

=>Emv2=E—V

= mv?=2mE-V)...... (8.17)
From equation (8.16) & (8.17) we have

v?-qb+4 2m(E—-V)Yp =0

5 8mim
=V +—o (E—V)p=0.........(818)

Equation (8.18) is known as Schrédinger time independent wave equation in three dimensions

Putting A = h/2m in equation (8.18) the Schrédinger equation can be also written as
Zm
=V +—5(E-V)p=0. ....(8.19)

For free particle V = 0. so Schrt')dinger wave equation for a free particle can be written as

2mE
= VY +

7 ¥ =0 (8.20)



8.8.2 Schréodinger’s Time dependent wave Equation

The Schrédinger’s time independent wave equation is given by

2 2m
vey +?(E —V)y=0........(8.19)

Schrédinger’s time dependent wave equation may be obtained by eliminating E from time
independent wave equation (8.19).

Consider a system of stationary waves associated with a moving particle. Let (x,y, z) be the
position co-ordinates of the particle and . the wave displacement of the matter wave at time t.

The classical differential equation of the wave motion is given by

ale azlp azw aZw -
F= U(ﬁ ay—z+ﬁ)=v VI,D(B].U)
where v = wave velocity
> a* 9
=ttt
dx2  ady? 9z?

The solution of equation (8.10) is given by

2 = Laplacian operator

Yix,y, z,t) = Polx,y,z)e @t . ... (8.11)
YT, t) = Po(Te ™ .. ....(8.12)
Differentiating equation (8.11) w.r. to t. we get (8.12)
ayP . . . .
S = Tiwpo@e™ = —i(2Zmv)po (e
. E
= —i 2n(ﬁ)¢ [E = hv]
_ _ZnE [h _h
- h v T 2m
E i
=-i(3) v =-5Ev
hay
Tiac Y
ih oy -
Tixioe v [F=-1]
ayp
i hE = EIIJ
oy
Ep =ihor..(8.21)

From equation (8.19) Schrédinger time independent wave equation is
- 2m
Vi + o [Ep — VY] = 0

2 2m
vy =—F[5¢—V¢]

S
- = hz [l at - 1}')]
h? P
e V2 =ih——
2mv w=ih at 4
h? Yy
g2 —ih—
SV AV = ihor e (822)

The equation 1s known as time dependent Schrédinger wave equation



Equation (8.22) can also be written as

hzv2+v R
2m Y=t at‘/’

= HYp = E e oee .. .. (8.23)

hZ
where H = I—Z—VZ + V] = Hamilton Operator
m

ad
and E =i ha = Energy Operator

The function ¥ is called an Eigen function and the Scalar quantity E is called Eigen Value.

Applications of Schrodingers equation:
1) Particle in a Rigid Box (infinite potential well)

Let us consider a particle of mass m that is restricted to move along the x-
axis between x=0 and x=L inside a infinite potential well. Particle is free
to move along either direction between 0 to L.
The walls of the well act as ideal reflecting barriers so that particle cannot
leave the well.
The potential inside and outside of the well can be given as

V=0 for0<x <L

V=oc for0>x>1L
As particle cannot leave the well, wavefunction y has zero value outside
and some certain value inside the potential well.
We have schrodinger’s time indepedndet equation in one dimension as

2 2

For particle in a region 0 < x < L, equation (1) becomes

ZE-VY=0 (1)

d2y N 8m?m
dt2 h?

Ey =0




d2
— + K2y =0 )

dt?
Where
8n’m
K?=—5—E (3)
The general solution differential equation (2) is given as
P = AsinKx + Bcos Kx 4)

Here, A and B are constants and can be calculated using boundary conditions.

The first Boundary condition is
Pp=0 at x=0
Putting this in equation (4), we get
0=Asin0+ Bcos 0

B=0
Hence, equation (4) can be written as
Y =AsinKx (5)
The second boundary condition is
Pp=0 at x=1
Putting this in equation (5), we get

0 = AsinKL
ie.
0 =sinKL
KL =nn
K = nm . nes
= ©
Squaring equation (6) and equating it with equation (3), we get n=3 |
nm\2  8m’m e
(_) = —E n=
L h?
n2h?
= 7
8mlL? )
Here, n=1,2,3, ....

This is the expression of energy or eigen value for a particle in a Rigid box.

2h

mbL

9h
8mL”

8ml



Substituting equation (6) in equation(7), we get
. /nm
1 = Asin (Tx)

This is the expression of the wave function or eigen function for a particle in a box.

Normalization of Wavefunction:

We have a wave function for a particle in infinite potential well as

1 = Asin (n_nx) (D
B L
The complx conjugate of this wave function is
. /nm
P* = Asin (T x) (2)

To normalize this wave funciton, we use condition

L
[ o axr=1 3
0
Putting 1 and 2 in equation 3, we get

L omm 3
J;) A? sin? (—x) dx =1

n
LI1— cos2 |5—x
Azf (T+) dx =1
0 2
L
A2 sin 2 (nTx)
—lx-——==2 | =1
2 nr
2 ('7) .
Putting upper and lower limits, we get
AZ
—L=1
2



A_z
L

Putting this value in equation (1), we get normalized wave function

Y= \[%sin (nL_nx)



